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Problem1

o' = —u(0 <t <1), u(0) =0, v'(0) =1 4 —FrI7FE4l, JFH Euler AR
Euler ¥:3Kf#, P& h=0.1,0.05
(1) HH BEuler ¥, Euler fiiidkid: LLEORS 0 i 1 50 45 R IK P ;

(2) FUAERS L Buler i Euler Sk bh SRR, JUBTHH 7 20 KL S 7
HESE

BBV Upyp1r = Up + hf(tn,un), n=0,1,--- N—1,
SRR T =, 4k [f(tn,un) + f(th,uﬂl)} . k=01,

— TR
v=u
dv __
at u
du __
ar v
¥HME: v(0) =1, u(0) =1
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e
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criftEuleriz:

0.9

0.8

07

0.6

0.5

0.4

0.3

0.2

0.1 &

0
o 01

02 03

0.4

05 06 0.7 0.8

ik Euler v

h=0.1 B E(E AR LA

0.9 1

(A 0 01 02 03 04 05 06 07 08 09 1
Euler 0 0.1000 0.2000 0.2990 0.3960 0.4900 0.5801 0.6652 0.7446 0.8173 0.8825
Improved 0 0.0998 0.1985 0.2953 0.3891 0.4791 0.5642 0.6438 0.7169 0.7829 0.8410
Euler
h=0.05 i E{i fidt th i
(AR 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Euler 0 0.0500 | 0.1000 | 0.1499 | 0.1995 | 0.2488 | 0.2975 | 0.3456 | 0.3930 | 0.4395 | 0.4851
Improve 0 0.0500 | 0.0998 | 0.1494 | 0.1986 | 0.2474 | 0.2955 | 0.3428 | 0.3893 | 0.4349 | 0.4793
K i 0 0.0500 | 0.0998 | 0.1494 | 0.1987 | 0.2474 | 0.2955 | 0.3429 | 0.3894 | 0.4350 | 0.4794
7 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1
Euler | 0.5295 | 0.5727 | 0.6147 | 0.6551 | 0.6941 | 0.7314 | 0.7669 | 0.8007 | 0.8325 | 0.8623
Improve | 0.5226 | 0.5645 | 0.6051 | 0.6441 | 0.6815 | 0.7172 | 0.7512 | 0.7832 | 0.8133 | 0.8414
KETAfAR | 0.5227 | 0.5646 | 0.6052 | 0.6442 | 0.6816 | 0.7174 | 0.7513 | 0.7833 | 0.8134 | 0.8415

> LRI IR A AUE AR R

(¥

clear

%ho# e & A S K

hl =
h2 =

t1

;clc;

0.1;
0.05;

O:h1l:1;

Listing 1 probleml.m

o3t Euler yAHET Euler 75 ¥ RGHE.

IT
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t2 = 0:h2:1;
N1 = 1/hi1;
N2 = 1/h2;

ul = zeros(1,N1+1);
vl = zeros(1,N1+1);
u2 = zeros(1,N2+1);
v2 = zeros (1,N2+1);

u_exact = zeros(1,N2+1);

%% Euler

disp(’Euler:’);

% hi

ul (1) 0;

vi(1l) = 1;

for n=1:N1
ul (n+1)
vi(n+1)

ul(n) + hixvi(n);
vi(n) - hi*ul(n);

end

resultl = [t1’,ul’];
disp(’h=0.1H % %)
disp(resultl);

% h2
u2 (1) = 0;
v2(1) = 1;
for n=1:N2
u2(n+1) = u2(n) + h2xv2(n);
v2(n+1) = v2(n) - h2*u2(n);
end

disp(’h=0.05H7 4 % )
result2 = [t2’,u2’];
disp(result2);

%% improved euler
disp(’improved Euler:’);
% hi
for n=1:N1
ul(n+1) = ((1-h172/4)*ul(n)+hi*xvi(n))/(1+h172/4);

III
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vi(n+1) = ((1-h172/4)*vi(n)-hi*xul(n))/(1+h172/4);

end

resultl = [t1’,ul’];

disp(’h=0.1# % &)

disp(resultl);

%h2

for n=1:N2
u2(n+1)
v2(n+1)

end

disp(’h=0.058 % %)
result2 = [t2’,u2’];
disp(result2);

s R
for n=1:N2+1
u_exact(n) = sin(t2(n));
end
dispO W #H W4 &)
result3 = [t2’,u_exact’];

disp(result3);

Wh %

% Euler
figure (1) ;

plot (tl,ul,"r=*");
hold on;

plot (t2,u2,"b™");
plot (t2,u_exact);
hold off;

grid on;

title (’Euler 7 ’);
legend(’h=0.1",’h=0.05"," 4§ # ff ’);
% Improved Euler
figure (2) ;

plot (tl,ul,"rx*");
hold on;

plot (t2,u2,"b~");
plot (t2,u_exact);
hold off;

((1-h2"2/4)*u2(n)+h2*v2(n))/(1+h2°2/4);
((1-h2"2/4)*v2(n)-h2*u2(n))/(1+h2°2/4) ;

v
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grid on;
title (’ B¢ # Euler i 7);
legend (*h=0.1’,°h=0.05","#F # #£ *);
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Problem?2

VU DUEY Runge-Kutta 1211 & A{E 7]

u =4tuz, 0<t<2,
u(0) = 1.
B h=0.2,0.4,0.5.
KRR u(t) = (1 +12)2
HERE
h
Upt1 = Up + g(kl + 2ko + 2ks + ka),
kl = f(tn;un)y
1 1
kg = f <tn —+ ih,un =+ 2hk1) s
ks=f1(t +1h —ﬁ—lhk
3 — n 2 ; Un 2 2]
k}4 = f(tn + h,un + hkg)
£
RE
K UEAR
0 0.2000 | 0.4000 | 0.6000 | 0.8000 | 1.0000 | 1.2000 | 1.4000 | 1.6000 1.8000 2.0000
1.0000 | 1.0816 | 1.3456 | 1.8496 | 2.6896 | 4.0000 | 5.9536 | 8.7616 | 12.6736 | 17.9776 | 25.0000
h=0.2 W HEfiE
0 0.2000 | 0.4000 | 0.6000 | 0.8000 | 1.0000 | 1.2000 | 1.4000 | 1.6000 1.8000 2.0000
1.0000 | 1.0816 | 1.3456 | 1.8495 | 2.6895 | 3.9998 | 5.9532 | 8.7611 | 12.6728 | 17.9765 | 24.9986
h=0.4 WHEfE
0 0.4000 | 0.8000 | 1.2000 | 1.6000 2.0000

1.0000 | 1.3452 | 2.6880 | 5.9488 | 12.6632

24.9813

VI
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h=0.5 B} £ {i i

0 0.5000 | 1.0000 | 1.5000 2.0000
1.0000 | 1.5611 | 3.9932 | 10.5427 | 24.9580
(¥
Listing 2 problem2.m
clear;clc;
VAR IS A SEC R e
hi = 0.2;
h2 = 0.4;
h3 = 0.5;
tl = 0:h1:2;
t2 = 0:h2:2;
t3 = 0:h3:2;
[N1, N2, N3] = deal(2/h1, 2/h2, 2/h3);
[ul, u2, u3, u_exact] = deal(zeros(1l, Ni1+1), zeros(1l, N2+1),
zeros (1, N3+1), zeros(1l, N1+1));
[ul (1), u2(1), u3(1), u_exact(1)] = deal(1l);

hoROLEE £(t, w

f = @(t, u) 4 *x t * sqrt(u);
% hi
disp(’h=0.28 % &)
for n = 1:N1
k1 = £(t1(n), ul(n));
k2 = f(t1(n) + 0.5 * hl1, uil(n) + 0.5 * hl * ki1);
k3 = f(t1(n) + 0.5 * hl1, ui(n) + 0.5 *x hl * k2);
k4 = f(t1(n) + hil, ui(n) + hl * k3);
ul(n+1) = ul(n) + hl1 / 6 *x (k1 + 2 *x k2 + 2 *x k3 + k4);
end
disp([t1’, ul’]);
% h2

VII
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disp(’h=0.4# % &)
for n = 1:N2

k1 = £(t2(n), u2(n));

k2 = £(t2(n) + 0.5 * h2, u2(n) + 0.5 * h2 * kl1);

k3 = £f(t2(n) + 0.5 * h2, u2(n) + 0.5 * h2 * k2);

k4 = £(t2(n) + h2, u2(n) + h2 * k3);

u2(n+1) = u2(n) + h2 / 6 * (k1 + 2 *x k2 + 2 *x k3 + k4);
end

disp([t2’, u2’]);

% h3
disp(’h=0.5# % &)
for n = 1:N3
k1 = £(t3(n), u3(n));
k2 = £(t3(n) + 0.5 * h3, u3(n) + 0.5 * h3 * k1);
k3 = £(t3(n) + 0.5 * h3, u3(n) + 0.5 * h3 * k2);
k4 = £(t3(n) + h3, u3(n) + h3 * k3);
u3(n+1) = u3(n) + h3 / 6 * (k1 + 2 *x k2 + 2 *x k3 + k4);
end
disp([t3’, u3’]);

%o A& H AR
disp(O R A M & F)
for n = 1:N1+1
u_exact(n) = (1 + t1(n)~2)"2;
end

disp([t1’, u_exact’]);

VIII
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Problem3

SR AR 122 AR 10

Au = 271%™ @) (sin rx cos Ty 4 cos T sinmy),  (x,y) € G = (0,1) x (0,1)

u=0, (z,y)€dG

(BOP KA = k = 1/16;1/32; 1 /64T BUER AR, JFFIRL AR RIRS  (1/4,1/4),
(1/2,1/2), (3/4,3/4) F AL W BB AR FIFERT A o

(2)mhh =1/32, Wity =1/4,1/2/3/4%i =0,1,2, ..., 320 (11253 fift Hh £&.

#ETSE

ﬂ)ﬁ%éj\ _Ahuij _ ui+1‘j—2;;béij+ui—1,j + Ui,j+1—2}1féj+ui‘j71i| — fija
5 S A% AR -
(D, O 0
By Dy O
A - B2
0 . C’m—l
Bmfl Dm
ZQ
s
> FETREE

(1/4,1/4):  2.4052,
(1/2,1/2) 1 23.1407,
(3/4,3/4) : 55.6580,
> HKiERE:

16

(1/4,1/4):  2.2005
(1/2,1/2): 22.7574
(3/4,3/4) : 55.2767

32"

(1/4,1/4):  2.3765
(1/2,1/2): 23.0449
(3/4,3/4) : 55.5637

IX
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3

clear;

% W
H =
for t

h

h

A

1
h=—":
64
(1/4,1/4):  2.4052
(1/2,1/2) : 23.1407
(3/4,3/4) : 55.6589
h=1/320F [ 2255 il ik
80 : : : ; :
y=1/4
y=1/2
50 - y=3/4|
40 f
e
= ™
N0 b 2 b
30 ._//
"4
rd
201 e
//
r'/
10 e B T
P TR
5 et . . . . . . \
o 01 02 03 04 05 06 07 08 09 1
etk

clc;close all;

¥ K

=1:3
= H(t);

TET AHK
= 1/h + 1;

3% 5 %K
= linspace (0,

= linspace (0,

[1/16,1/32,1/64];

1,
1,

Listing 3 problem3.m

N);
N);
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%o S DURY BB R X
f = oe(x,y)
2%pi~2xexp(pi*(x+y))*(sin(pi*x)*cos (pi*y)+cos (pi*x)*sin(pi*y));

%R AR B R X

u_exact = Q@(x,y) exp(pix*(x+y))*sin(pi*x)*sin(pix*y);

hoW B R K
n=0N-2; % TEAEFLFA

h M ARABEEE R AR T A E
A = zeros(n*n, n*n);

b = zeros(n*n, 1);

h A W E

for i = 1:n
for j = 1:n
K = (j-1)*n + ij;

b(K) = f(x(i+1), y(j+1));
end

end

%o R BE T

for i = 1:n
for j = 1:n
K = (j-1)*n + ij;
A(K, XK) = -4; | #UA
if i > 1
A(K, XK-1) = 1; % Z# &
end

if i < n

AK, K+1) = 1; % A& &
end
if > 1

A(K, K-n) = 1; % [ i# &
end
if j < n

A(K, K+n) = 1; % L& &

XI
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end
end
end
g_s = @(A, b, tol, max_iter) gauss_seidel(A, b, tol,

max_iter);

WA EE AR ARG, WRE AN,
u_vector = g_s(A,h"2*b,1e-4,1000) ;
% u_vector = A \ (h™2 * b);

bW KR EERERNATETE S A

u = zeros (N, N);
for i = 1:n
for j = 1:n
K = (j-1)*n + i;
u(i+1, j+1) = u_vector (K);
end
end

h MHEREBEET EAWNE
U_exact = zeros(N, N);
for i = 1:N
for j = 1:N
U_exact(i,j) = u_exact(x(i), y(j));
end

end

h MBI R BENKER, BATR. R(x, WDETEME (i,j) 4, N
hi=x/h+1 (+1EFE—F H0) . HhLFEE

fprintf ("h= %s B : \n",rats(h));

fprintf ("(1/4,1/4) # E f: %f",u(1/(4xh)+1,1/(4%h)+1));
fprintf (" AT M: %f \n",U_exact (1/(4*h)+1,1/(4xh)+1));
fprintf ("(1/2,1/2) # & M : %£",u(1/(2%h)+1,1/(2%h)+1));
fprintf (" AT M : %f \n",U_exact (1/(2%h)+1,1/(2*%h)+1));
fprintf ("(3/4,3/4) & f: %f",u(3/(4xh)+1,3/(4%h)+1));
fprintf (" M AT #E: %f \n",U_exact (3/(4*h)+1,3/(4xh)+1));

% % % %% 1B 4 B ,h=1/32
if h==1/32

XII
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figure;

%y =1/4
plot(x,u(:,9));
hold on;

%y =1/2
plot(x,u(:,17));

%y =3/4
plot(x,u(:,25));

legend (’y=1/47,’y=1/27,2y=3/4");
xlabel (’x7);

ylabel(’z’);

title ("h=1/320 i £ 4 ## B & ") ;

end

end

hh R K E B K O

[X, Y] = meshgrid(x, y);

figure;

surf (X, Y, u);

title (’Gauss\ _sidel K A A 7 B B9 $ 8 ) ;
xlabel (’x’);

ylabel (’y’);

zlabel (’u’);

figure;

surf (X, Y, U_exact);

title (7 70 A2 7 12 W0 4% # A 0)
xlabel (’x’);

ylabel (’y’);

zlabel (’u\_exact’);

function [x, iter, error] = gauss_seidel(A, b, tol, max_iter)
how B EE R &R &
% OA: REHEE
hb: FHEIEE

XIIT
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Beit

% tol: & = X IR
% max_iter: % A & KR K #
% & EE

howoN e &
if nargin < 4
error CFE W A NS #: A, b, tol, max_iter’);

end
[m, n] = size(A);
if m ~= n || length(b) ~=n
error A M EZ 7 M, HAFbW 4% E LML) ;
end

%ho# e

x = zeros(n, 1); % Wi M H £

x_old = x; % B — K ERNMEEE

inv_diag = 1 ./ diag(A); % Wit & A 4% ot & W B #

for iter l:max_iter
for i = 1:n
WM E L WATHHEN x @&
suml = A(i, 1:i-1) * x(1:i-1);

A(i, i+1:n) * x_old(i+1:mn);

sum?2

x (1)

(b(i) - suml - sum2) * inv_diag(i);

end

%ot B Sk

error = norm(x - x_old, inf);

if error < tol
fprintf O % R WS T % %d K% K. \n’, iter);
return;

end

h EHIEH WA E
x_old = x;

end

XIV



DN IR0 5 AL S B R Bt

warning (’ % 2| F A % R K & %d, K. LR E: Ye,
max_iter, error);

end

XV
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Problem4
SKAfE— e g RE IR ) R
2
%Z%—Fsint, O<x<l, t>0,

g (0,8) = u,(1,6) =0, ¢t>0,

u(z,0) = cos e, 0<z<l.

CRSHfR R : w=e """t cosmx + (1 — cost))

IR o 5 A SON RO A 2, T DU AT 2%

(1) h=1/40, 7 = 1/1600; (2) h=1/80, 7 = 1/3200

TR BN t=1 .

TR I Z, PIRT B 5 DL ST i Ex=1/5,2/5,3/5,4/5, 1AL HIMH -
#HETTE

WJEZE5r: —rufy + (1 +2r)ul*t —rult =l + 7).

J

1+2r —r uftt uy h
—r —r : = : +7

1
—r 1+42r| [u3F] ut_y fi-a

INRORFR (CN): —Sul i+ (L4 r)ul ™ — Sud ™) = 2wl + (L= r)u) + Sul | +7f;,

1+r —-% 1—r £
+ 2 un—l—l 2 fl
_r 1 T
2 =T 2 +
T T
-3 n+1 3
- Uy_1 ,
-5 1+ 5 1—r Ji-1

BE

2
> EEE: A LRI KA, ON ORI .

x | HE1(BD) | 5% 1(CN) | Ji% 2(BD) | /7% 2(CN) | filtbfrfi#
0.2 | 0.460004 0.459740 0.459872 0.459740 0.459740
0.4 | 0.459977 0.459714 0.459845 0.459714 0.459714
0.6 | 0.459944 0.459682 0.459813 0.459682 0.459682
0.8 | 0.459917 0.459656 0.459787 0.459656 0.459656
1.0 | 0.459907 0.459646 0.459777 0.459646 0.459646

XVI
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(¥

Listing 4 problem4.m

clear;clc;

% BB R L

solve_heat_equation_BD = @(h, tau)
heat_equation_solver_backward_difference(h, tau);

solve_heat_equation_CN = @(h, tau)

heat_equation_solver_crank_nicolson(h, tau);

% 7 %£1: h=1/40, =1/1600
[x1_BD, ul_BD] solve_heat_equation_BD(1/40, 1/1600);
[x1_CN, ul_CN] solve_heat_equation_CN(1/40, 1/1600) ;

% 77 Z2: h=1/80, =1/3200
[x2_BD, u2_BD] solve_heat_equation_BD(1/80, 1/3200);
[x2_CN, u2_CN] solve_heat_equation_CN(1/80, 1/3200);

%o R AT R

x_eval = [1/5, 2/5, 3/5, 4/5, 11;

T = 1;

analytical = exp(-pi~2*T) * cos(pi * x_eval) + (1 - cos(T));

W BEBENTEE R Y RBAAF AWM
indicesl = round(x_eval / (1/40)) + 1; % # E1® & 5l
indices2 = round(x_eval / (1/80)) + 1; % 77 £28 % 7

ul_BD_eval = ul_BD(indicesl);
u2_BD_eval = u2 BD(indices?2);
ul_CN_eval = ul_CN(indicesl);
u2_CN_eval = u2_CN(indices2);

h ROoRE R, RE S

fprintf (B B t = %f B4 K :\n’, T);

fprintf (’x\t\t 7 £1(BD)\t 7 £1(CN)\t# F£2(BD)\t 77 £2(CN)\t# #T #\n"’);
for i = 1:5

XVII
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fprintf (7% .1£\t\t%.6£\t%.6£\t%.6£\t%.6£\t%.6f\n’, x_eval(i),
ul_BD_eval(i), ul_CN_eval(i), u2_BD_eval (i), u2_CN_eval (i),
analytical(i));

end

Whow B E 4

function [x, ul = heat_equation_solver_backward_difference(h, tau)
L = 1;
T = 1;
a = 1; hoWRH

r = a *x tau / h™2;

hoA M A
x = linspace(0, L, Nx+1)?’;
= linspace(0, T, Nt+1)’;

u = cos(pi * x);

ho R EEEA
A = diag((1 + 2*r) * ones(Nx+1, 1)) + diag(-r * ones(Nx, 1), 1)
+ diag(-r * ones(Nx, 1), -1);

% Neumann i 7 & f &9 i %
A(1,2) = -2x%r;
A(end,end-1) = -2xr;

% H v K
f = @(t) sin(t);

%K

for n = 2:Nt+1
b =u + tau * £(t(n));
u=A4\ b;

end

end

XVIII
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%% CN %

function [x, ul] = heat_equation_solver_crank_nicolson(h, tau)

end

L
T

a

yA
Nx
Nt

A(
B (
fo

en
A(
B(

b
f

; %O R K

> H K E

=L / h;

T / tau;

= a *x tau / h~2;

6 &
linspace (0, L, Nx+1)7;
linspace(0, T, Nt+1)’;

cos(pi * x);

R E
= zeros (Nx+1, Nx+1);
= zeros (Nx+1, Nx+1);
1,1:2) = [1+r, -rl;
1,1:2) = [1-r, r]l;

r i = 2:Nx
A(i,i-1:i+1)
B(i,i-1:i+1)

d

Nx+1,Nx:Nx+1)

Nx+1,Nx:Nx+1)

[-r/2, 1+r, -r/2]1;
[r/2, 1-r, r/2];

[-r, 1+4r];

[r, 1-r];

o3
= @(t) sin(t);

2:Nt+1

]
s T B =
]

A\ b;

end

=B % u + 0.5 *x tau * (£f(t(n)) + f£(t(n-1)));

XIX
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Problemb

SR AR HE ) 7 R AT AR i i
u _
ot

u(0,y,t) =u(l,y,t) =0,0 <y < 1,t >0,

472 (Ugy + Uyy) , (z,y) € G = (0,1) x (0,1),t >0,

Uy (2,0,t) = uy(z,1,t) =0,0 <z < 1, > 0,
u(z,y,0) = sin(mx) cos(my).
(K5 iR M : u = sin 7 cos Ty exp (—%2 ))
KA ADI i, it L F%: h=1/40,7 = 1/1600, P15 2] t=1.
(1) miH £=0.3,0.5,0.8 TX =A™ ZIHOAR At MRS B 7 0T LG & 5
(2) FIRAH t=1 W%, AR (zy,u0) = (4, %) 5,k =1,2,3 b EES R
HEDE
ADI:

n+% n n+l ”+%

U, — U, 1 1 U, U, 1 1
Jjk ik _ 2, N+ 2. n ik jk 2 n+ 2, n+1
H = e (T ) S = g (S ).

53:“% =l — 207 U g 5;“?1@ =AU — 22U Ul g,
FIH Neumann £5445%f y 10 54 (1) 7 53 1647 AbE -

n _ n n _ n
Ujpy1 = Ujplhy 1 = Ujn

TDEE
R
X 0.25 0.25 0.25 0.50 0.50 0.50 0.75 0.75 0.75
y 0.25 0.50 0.75 0.25 0.50 0.75 0.25 0.50 0.75
FEM | 0.142283 | 0.000000 | -0.142283 | 0.201218 | 0.000000 | -0.201218 | 0.142283 | 0.000000 | -0.142283

XX
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HEA t=0.3 Fi i t=0.3

A 00
B t=05 il t=0.5

oo oo
Hi{ a7 t=0.8 ES BT t=0.8

X Ee

(¥

Listing 5 problem5.m

clear;clc;close all;

h FHERE

3

T = 1;

h = 1/40;
tau = 1/1600;

Nx = 1/h;

Ny = 1/h;

Nt = 1/tau;

x = linspace(O,L,Nx+1);
y = linspace(0,L,Ny+1);
t = linspace(0,T,Nt+1);
r = tau/h”~2;

XXI
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hoHREE
U = zeros (Nx+1,Ny+1,Nt+1);

%A &
for i = 1:Nx+1
for j = 1:Ny+1
U(i,j,1) = sin(pi*x(i))*cos(pi*y(j));
end

end

bW R &
U(l,:,:) = 0; % Z iR
U(Nx+1,:,:) = 0; % & #F

h O RBEEEL (xF W)
Al = zeros(Nx+1,Nx+1);
A1(1,1) = 1;
A1 (Nx+1,Nx+1) = 1;
for i = 2:Nx
A1 (i,i-1:i+1) = [-r/32, 1+r/16, -r/32];

end

h REEE2 (y77E)
A2 = zeros(Ny+1,Ny+1);
A2(1,1:2) = [1+r/16, -r/16];
A2 (Ny+1,Ny:Ny+1) = [-r/16, 1+r/16];
for i = 2:Ny
A2(i,i-1:i+1) = [-r/32, 1+r/16, -r/32];

end

for n = 1:Nt
% B A H En+1/24 &
U_half = zeros(Nx+1,Ny+1);

for j
b

2: Ny

zeros (Nx+1,1) ;

for i = 2:Nx
b(i) = (r/32)*(U(i,j+1,n) + U(i,j-1,n)) +
(1-r/16)*U(i,j,n);

end

XXII
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U_half(:,j) = Al\b;

end

ho By owmomy &M
U_half(:,1) = U_half(:,2);
U_half (:,Ny+1) = U_half (:,Ny);

% it HEn+1 b Z
2:Nx

for i
b
for j = 1:Ny+1

b(j) = (r/32)*(U_half(i+1,j) + U_half(i-1,j)) +
(1-r/16)*U_half (i, j);

zeros (Ny+1,1);

end
U(i,:,n+1) = (A2\b)’;
end

end

%o H

figure;

t1
t2
t3

0.3/tau + 1;
0.5/tau + 1;
0.8/tau + 1;

subplot (3,2,1); mesh(U(:,:,t1)); title(’ # H f#f t=0.37);
subplot (3,2,2); mesh(sin(pi*x)’ * cos(pi*y) * exp(-pi~2%0.3/8));
title (’ 4F # #§ £=0.37);

subplot (3,2,3); mesh(U(:,:,t2)); title(’#K E # t=0.5");
subplot (3,2,4); mesh(sin(pi*x)’ * cos(pix*y) * exp(-pi~2%x0.5/8));
title (A # ## ©=0.57);

subplot (3,2,5); mesh(U(:,:,t3)); title(’ 2L [ ## t=0.87);
subplot (3,2,6); mesh(sin(pi*x)’ * cos(pi*y) * exp(-pi~2%0.8/8));
title ("4 # £ ©=0.87);

h BEER
disp(’t = 1 B Z WK EE X: )
disp(’ x N #E M)

XXIIT
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for j = 1:3
for k = 1:3
x_idx = j*10 + 1;
y_idx = k*10 + 1;
val = U(x_idx, y_idx, end);
fprintf (°%.2f %.2f %.6f\n’, j/4, k/4, val)
end

end

XXIV
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Problem6

u — Uy =0, z € (0,1),
u(z,0) = sin®(7x), = €[0,1],
u(0,t) = u(1,1), t>0.
CKEtffE . w(z,t) = sin®® 7(x +t))
FH A 35
(a) I h=0.05, 7 = 0.04 5 £=0,0.12,0.2,0.8 FI{H;
(b) it (a) METE, WEEEAERARLL, SRR A E R

ESA
R a<0 925t KAl

n+1 n n n
urT =yl ui g — uy
J J J J 0
+a =0,
T h
S,
R FAAAE A w(0,t) = u(1,t).
n+1 n
Uy 1+7r —r U
: = Y :
n+1
uj 1+7r —r ...0| [u]
%7:! e
Lo

x| 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
ul0 5.93331839654999¢-33 | 3.97461038954230e-21 | 1.91368562288649¢-14 | 5.87147764647043e-10 | 9.53674316406247e-07 | 0.000208116150133719 | 0.00989088979069069 | 0.134354748960890
x | 045 0.5 0.55 0.60 0.65 0.70 0.75 0.8 0.85
u | 0.609252167050786 1 0.609252167050783 0.134354748960891 0.00989088979069074 | 0.000208116150133719 | 9.53674316406253e-07 | 5.87147764647047c-10 | 1.91368562288651¢-14
x| 0.9 0.95 1
u | 3.974610389542 5.93331839655016e-33 | 0
x| 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

9.79807191542923e-15 | 3.00627004052459¢-10 | 4.88506716578761e-07 | 0.000106921736172303 | 0.00514414373191654 | 0.0726

077199274082 0.364480523480091 0.758930015166073 0.755500155558563

x | 0.45 0.5 0.55 0.60 0.65 0.70 0.75 0.8 0.85

0.403616480951883 0.123144567210691

767303851455 0.00210476829449479 | 9.94727802955186¢-

0740998445¢-06 | 7.68576806521097e-09 | 4.69901925690060e-12 | 1.53095231393518¢-16

x | 0.9 0.95 1

3.17968831199463¢-23 | 2.03500051944798e-21 | 9.79807191542923¢-15

XXV
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t=0.20

x |0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

3.12740499643627¢-07

6.85862453246592¢-05

0.00332648648427038

0.0481193436172014

0.256707771153306

0.605253286017012

0.740956925349828

0.530431798194588

0.238189803141787

x | 0.45

0.5

0.55

0.60

0.65

0.70

0.75

0.8

0.85

0.0694240281919895

0.0132093881201509

0.00160425764903328

0.000117146314216747

4.54597647457751e-06

7.27307495525701e-08

3.08934506751595e-10

1.88009760770420e-13

6.12512183107579%-18

x | 0.9

0.95

1

6.27076667834674e-15

1.92404417976668e-10

3.12740499643627e-07

t=0.80

x|0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

u | 0.0103648171974659 | 0.00297699507912104 | 0.000726845501493071 | 0.000150775611073033 | 2.65086802766898e-05 | 3.94332277913092e-06 | 2.94321868905239¢-06 | 0.000126212357121167 | 0.00214786906368297
x | 0.45 0.5 0.55 0.60 0.65 0.70 0.75 0.8 0.85

u | 0.0161663273640771 | 0.067121454698917 0.177868907439971 0.329763411190648 0.4541173! 0.483837948786123 0.410474782848938 0.283111896245817 0.161187260716036

x| 0.9 0.95 1

0.0766037453686443

0.0306337143149631

0.0103648171974659

MEEEIB AT A t=0 I BUE M SRR E A (t=0 HAME AR

1. SO A PR Ve LK 170 A2 R B R I

2. HUEARFRIBIY LORE AR S 0122 .

3. HBULELAR (B WA 7 NS Tl i T A A A

(¥iT

clear;clc;close all;

Listing 6 problem6.m

=1

F), G A

XXVI
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L =1;

T = 1;

h = 0.05;

tau = 0.04;

a = -1;

r = a*tau/h;

t_idx = [0, 0.12 , 0.2 , 0.8];
%o X I #

Nx = L/h ;

Nt = T/tau;

x = linspace(0,L,Nx+1);

linspace(0,T,Nt+1);

hoA M A&
zeros (Nx+1,Nt+1) ;
for i = 1:Nx+1

u(i,1) = (sin(pix*xx(i))) ~40;

u =

end

% KM u(j,n+1)=(1+r)u(j,n)-ru(j+1l,n)
2:Nt+1
1:Nx

for n =
for i =
u(i,n) =

end
u(end,n) = u(l,n);

end

A R

(1+r)*u(i,n-1)-r*u(i+1,n-1);

u_exact = Q@(x,t) (sin(pi*(x+t))).~40;
U_exact = zeros(Nx+1, Nt+1);
for n = 1:Nt+1
for i = 1:Nx+1
U_exact(i,n) = (sin(pi*(x(i) + t(m)))) ~40;
end
end
h %

XXVII
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figure;

h LHE—HNHE (¢ = 0)

plot(x, u(:, 1), ’b--’, ’LineWidth’, 2);

hold on;

plot(x, u_exact(x, 0), ’b-’, ’LineWidth’, 2);

homHlE _H B E (t 0.12)
plot(x, u(:, 4), ’g--’, ’LineWidth’, 2);
plot(x, u_exact(x, 0.12), ’g-’, ’LineWidth’, 2);

ho el B ZHHE (¢ = 0.2)
plot(x, u(:, 6), ’c--’, ’LineWidth’, 2);
plot(x, u_exact(x, 0.2), ’c-’, ’LineWidth’, 2);

h HEEHANELE (¢ = 0.8)

plot(x, u(:, 21), ’y--’, ’LineWidth’, 2);
plot(x, u_exact(x, 0.8), ’y-.’, ’LineWidth’, 2);
legend(’t = 0 ¥ EM>, >t = 0 ¥HHM>, >t = 0.12 HEMHE’, 't =

g
0.12 B # >, "t = 0.2 HEMW’, 't = 0.2 H#HM>, "t = 0.8
HhEm, 't = 0.8 HHME);
xlabel (’x7);
ylabel(’u’);
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